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CONNECTED LIE GROUPS AND PROPERTY RD
I. CHATTERJI†, CH. PITTET AND L. SALOFF-COSTE††
Abstract. For a locally compact group, property RD gives a con-
trol on the convolution norm of any compactly supported measure
in terms of the L2-norm of its density and the diameter of its sup-
port. We give a complete classification of those Lie groups with
property RD.
Introduction
The property of Rapid Decay (property RD) emerged from the work
of Haagerup in [14] and was first studied systematically by P. Jolissaint
in [19] who mostly worked in the context of finitely generated groups.
For a locally compact group, property RD gives a control on the convo-
lution norm (i.e., operator norm) of any compactly supported measure
in terms of the L2-norm of its density and the diameter of its support.
The terminology “Rapid Decay”comes from the fact that a group has
property RD if and only if any “rapidly decaying” function is an L2
convolutor (see Definition 2.6 and Lemma 2.7 below). Property RD
is relevant in the context of C*-algebras. In particular V. Lafforgue
used it in [22] to prove the Baum-Connes conjecture for some groups
having property (T). The authors observed [4] that property RD is also
relevant to the study of the asymptotic behavior of the probability of
return of random walks on non-amenable groups (for a general refer-
ence on random walks, see [36]). This will be used here in Section 9 to
make the link between property RD and Varopoulos’ work [35].
The main result of this paper is a precise algebraic description of
those connected Lie groups that have property RD (in what follows,
Lie groups are real Lie groups).
Theorem 0.1. Let G be a connected Lie group. The following are
equivalent.
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(a) G has property RD.
(b) The Lie algebra g of G decomposes as a direct product g = s×q,
where s is semisimple or {0} and q is an algebra of type R.
(c) The universal cover G˜ of G decomposes as a direct product S˜×
Q˜, where S˜ is semisimple and Q˜ has polynomial volume growth.
We will also extend this result to compactly generated virtually con-
nected groups in Corollary 9.4. The equivalence between (b) and (c) is
well-known (see e.g. [32], [11], [17]). That (a) implies (b) follows from
Varopoulos’ work in [35]; this will be explained in Section 9. That (c)
implies (a) occupies a large portion of this work. A short description
of the paper is as follows. Notations are set in Section 1. Sections 2,
3 and 4 discuss property RD in the context of locally compact groups
(see also [19] and [18]). In Section 5 we show that certain solvable
groups that do not have property RD nevertheless satisfy a weaker ra-
dial version. Namely, on these groups, compactly supported measures
with radial densities satisfy the RD inequality. In Section 6 we use the
results of Section 5 to establish property RD for semisimple Lie groups
with finite center. This was proved independently by V. Lafforgue [20]
in an unpublished manuscript and was understood by others including
M. Cowling or N. Higson, using [8]. Our proof differs from Lafforgue’s
[20] and makes crucial use of a lemma from [7]. In Section 7 we es-
tablish the stability of property RD under some central extensions, a
result proved by Jolissaint [19] in the case of finitely generated discrete
groups. In Section 8 we show that Theorem 0.1(c) implies Theorem
0.1(a). Section 9 concludes the proof of Theorem 0.1.
1. Basic notation
Throughout this paper all measures are Borel regular and all groups
are locally compact groups. Let G be such a group. For f a continuous
function on G, set fˇ(x) = f(x−1). For a Borel measure µ, define the
measure µˇ by µˇ(f) = µ(fˇ). Given two finite complex Borel measures
µ1, µ2, the convolution µ1∗µ2 is a finite complex Borel measure defined
by
µ1 ∗ µ2(f) =
∫
G×G
f(xy)dµ1(x)dµ2(y),
for any f ∈ C0(G), where C0(G) denotes continuous compactly sup-
ported functions on G. Let us denote by ~ν(dx) = ~dx a left Haar
measure, so that ν(dx) = dx = ~νˇ(dx) is a right Haar measure (left
and right Haar measures are unique up to a multiplicative constant).
Denote by L2(G) the Hilbert space L2(G,~ν) equipped with the inner
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product
〈f, g〉 =
∫
G
f(x)g(x)~dx.
The modular function m, defined by ~ν(V g) = m(g)~ν(V ) (for any Borel
set V and g ∈ G) relates left and right measures as follows
dx = m(x−1)~dx = m(x)−1~dx.
For a function f ∈ C0(G) and a finite complex Borel measure µ, we set
Lµf(x) = µ ∗ f(x) =
∫
G
f(y−1x)dµ(y)
Rµf(x) = f ∗ µ(x) =
∫
G
m(y)−1f(xy−1)dµ(y).
Given two functions f1, f2 ∈ C0(G), the convolution f1 ∗ f2 is the func-
tion
f1 ∗ f2(x) =
∫
G
f1(xy)f2(y
−1)~dy =
∫
G
f1(y)f2(y
−1x)~dy.
These definitions are consistent when the measure µ1 (respectively µ2)
has density f1 (respectively f2) with respect to the left Haar measure
~ν (see Chapter V of [16]) in the sense that
µ1 ∗ f = f1 ∗ f,
f ∗ µ2 = f ∗ f2
for any f ∈ C0(G) and the density of µ1 ∗ µ2 is f1 ∗ f2. We refer to
[16, Paragraph 20] for background information. For a Borel measure µ
with finite total mass ‖µ‖ = ∫
G
d|µ|(y), Lµ is a continuous operator on
L2(G) and ‖Lµ‖2→2 ≤ ‖µ‖, where ‖Lµ‖2→2 denotes the operator norm
of Lµ as an operator acting on L
2(G), namely
‖Lµ‖2→2 = sup
f∈L2(G)
‖Lµ(f)‖2
‖f‖2 .
For a Borel measure µ such that
∫
G
m(y)−1/2d|µ|(y) <∞, set µˆ(dx) =
m(x)−1/2µ(dx). Notice that the map
I : L2(G) → L2(G)
f 7→ m(x)−1/2fˇ
is unitary and that Rµ = I ◦L∗µˆ ◦ I. Hence Rµ is a continuous operator
on L2(G) and
(1.1) ‖Rµ‖2→2 = ‖Lµˆ‖2→2 ≤
∫
G
m(y)−1/2d|µ|(y).
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2. Property RD
There are two possible definitions of property RD on a general locally
compact group. They differ a priori only if the group is not unimodular.
We call them RD and RD’. We will show that in fact RD and RD’ are
equivalent. It has been shown by Ji and Schweitzer, Theorem 2.2 in
[18], that a topological locally compact group with property RD has to
be unimodular, but our proof that RD is equivalent to RD’ doesn’t use
this fact. We shall keep the distinction between RD and RD’ because
these properties will eventually differ on some subsets of L2(G) (such
as radial functions, see Section 5). Recall that a length function on
a locally compact group G is a Borel map L : G → R+ satisfying
L(1) = 0, L(gh) ≤ L(g) + L(h) and L(g) = L(g−1). For any locally
integrable non-negative function f in G, we define the Borel measure
F by F (V ) =
∫
V
f(x)~dx (where V ⊆ G is compact). We say that
f ∈ L1loc(G) has compact support if F (as a measure) has compact
support. We shall denote by BL(R) the L-ball of radius R ≥ 1 centered
at the identity 1 ∈ G.
Definition 2.1. Let E ⊆ L2(G), we say that the pair (G,L) has prop-
erty RD’E if there exists two constants C,D ≥ 0 such that for any
function f ∈ E with compact support in BL(R), R ≥ 1, we have
‖LF‖2→2 ≤ CRD‖f‖2.
We say that the pair (G,L) has property RDE if there exists two con-
stants C,D ≥ 0 such that for any function f ∈ E with compact support
in BL(R), R ≥ 1, we have
‖RF‖2→2 ≤ CRD‖f‖2.
In this paper, all topological groups will be compactly generated in
the following sense. A topological group G is compactly generated if it
admits a compact neighborhoodK of the identity that generates G (i.e.
K is such that G =
⋃
n∈NK
n). Note that a compactly generated group
is then automatically locally compact. If G is compactly generated and
K is a compact generating set satisfying K = K−1, we call algebraic
length function the length function defined by
LK(g) = inf{n : g ∈ Kn}, LK(1) = 0.
A length function L on G is said to be proper if it is bounded on any
compact set U , namely
MU = sup{L(u)|u ∈ U} <∞.
It is straightforward to see that if G is compactly generated then any
algebraic length function is proper. Moreover, if (G,L) has property
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RD for some proper length function L, then so will (G,LK) for any
compact generating set K. Indeed, for g = s1 . . . sn with si ∈ K and n
minimal:
L(g) = L(s1 . . . sn) ≤
n∑
i=1
L(si) ≤MKLK(g).
Hence all algebraic length functions are comparable and we shall talk
about algebraic length without specifying the compact generating set.
Further examples of length functions can be obtained by letting the
group G act by isometries on a metric space (X, d) and by setting
L(g) = d(x0, g(x0)) for some base point x0 ∈ X .
Definition 2.2. Let E ⊆ L2(G), we call E sd-closed if E ∗ Eˇ ⊆ E,
and sm-closed if E ∗m−1Eˇ ⊆ E.
The terminology sd and sm stands for symmetric density and sym-
metric measure. Indeed, m−1Eˇ is the set of densities of the measure Fˇ
where F = f ~dx with f ∈ E and for instance the set {f ∈ L2(G)|f = fˇ}
is sd-closed whereas the set {f ∈ L2(G)|Fˇ = F} is sm-closed. The fol-
lowing lemma shows that for sd-closed (respectively sm-closed) sets it
is enough to check the RDE inequality on measures with symmetric
densities (respectively on symmetric measures).
Lemma 2.3. Let G be a locally compact group and L a proper length
function on G.
(1) Let E ⊆ L2(G) be sd-closed. If there are two constants C,D ≥ 0
such that for any f ∈ E with f = fˇ and supported on BL(R)
for R ≥ 1
‖RF‖2→2 ≤ CRD‖f‖2,
then (G,L) has property RDE.
(2) Let E ⊆ L2(G) be sm-closed. If there are two constants C,D ≥
0 such that for any f ∈ E with f = m−1fˇ and supported on
BL(R) for R ≥ 1
‖LF‖2→2 ≤ CRD‖f‖2,
then (G,L) has property RD’E.
Proof. Let us start by quoting from [16] Discussion (20.20). If a mea-
sure F has density f , then the adjoint of the operator LF acting on
L2(G) satisfies
(2.2) L∗F = LFˇ
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where the measure Fˇ has density m−1fˇ . A similar computation shows
that
(2.3) R∗F = RmFˇ
so that the measure mFˇ has density fˇ . Now, R∗FRF = RF∗mFˇ and
F ∗mFˇ has symmetric density f ∗ fˇ . Assuming (1) we compute:
‖R∗F‖22→2 = ‖R∗FRF‖2→2 ≤ C(2R)D‖f ∗ fˇ‖2
= C(2R)D‖R∗F (f)‖2 ≤ C(2R)D‖R∗F‖2→2‖f‖2.
The first inequality comes from the facts that we assumed E sd-closed,
and that if f is supported on BL(R), then f ∗fˇ is supported on BL(2R).
Since ‖R∗F‖2→2 = ‖RF‖2→2 we deduce property RDE. Assuming (2)
and since L∗FLF = LFˇ∗F the computation is similar:
‖L∗F‖22→2 = ‖L∗FLF‖2→2 ≤ C(2R)D‖m−1fˇ ∗ f‖2
= C(2R)D‖L∗F (f)‖2 ≤ C(2R)D‖L∗F‖2→2‖f‖2.
Since ‖L∗F‖2→2 = ‖LF‖2→2 we deduce property RD’E. 
Corollary 2.4. Let L be a length function on a locally compact group
G and E ⊆ L2(G) which is both sd-closed and sm-closed, then (G,L)
has property RDE if and only if (G,L) has property RD’E.
Proof. First notice that for f = fˇ a symmetric function, then
‖f‖2 =
√∫
G
|f(x−1)|2m(x)−1~dx = ‖m−1/2f‖2.
Now assume property RD’E. For f ∈ E symmetric supported onBL(R)
we have
‖RF‖2→2 = ‖LFˆ‖2→2 ≤ CRD‖m−1/2f‖2 = CRD‖f‖2.
Conversely notice that if f satisfies f = m−1fˇ , then
‖m−1/2f‖2 =
√∫
G
|f(x−1)|2m(x)−2~dx = ‖m−1fˇ‖2 = ‖f‖2,
so that assuming property RDE, for f = m
−1fˇ supported on BL(R)
we have
‖LF‖2→2 = ‖RFˆ‖2→2 ≤ CRD‖m−1/2f‖2 = CRD‖f‖2.

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Definition 2.5. Let G be a compactly generated group, and L be a
proper length function. We say that (G,L) has property RD if it has
RDE for E = L
2(G). A compactly generated group G has property RD
if the pair (G,L) has property RD for one (hence any) algebraic length
function L.
Note that according to Corollary 2.4 we can check property RD by
using either left or right convolution operators, which ever is more
convenient. More generally, according to Ji and Schweitzer [18], prop-
erty RD implies unimodularity. In view of the discussion above, a
compactly generated group has property RD as soon as there exists a
proper length function L, algebraic or not, such that the pair (G,L)
has property RD. Note that on any non compact compactly generated
group there exists proper length functions for which property RD fails.
For instance, one can construct those using L(g) = log(1 + LK(g))
where LK is an algebraic length function.
Definition 2.6. Let L be a length function on a locally compact group
G. For k ≥ 0, define
HkL(G) = {f ∈ L2(G)|
∫
G
(1 + L(x))2k|f(x)|2~dx <∞}
and H∞L (G) =
⋂
k≥0H
k
L(G). The space H
∞
L (G) is called the space
of rapidly decaying functions, the decay at infinity is faster than any
inverse of a polynomial in terms of the distance to the identity (or to
any fixed base point).
The space H∞L (G) ⊆ L2(G) is a Fre´chet space for the projective limit
topology induced by the sequence of norms ‖f‖2,L,k = ‖(1 + L)kf‖2.
Recall that the reduced C∗-algebra of a locally compact group G is the
operator norm closure of compactly supported continuous functions
over G, viewed as acting on L2(G) via the left regular representation
(i.e. as LF , where dF = f ~dx, f ∈ C0(G)). Namely
C∗r (G) = C0(G)
‖ ‖2→2
.
The following lemma shows that Definition 2.1 of property RD co-
incides with the one given by Jolissaint in [19], and used by Ji and
Schweitzer in [18].
Lemma 2.7. Let G be a locally compact group and L a proper length
function on G. Then the following are equivalent:
(1) (G,L) has property RD.
(2) (G,L) has property RDE for E = C0(G).
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(3) There is k > 0 and C > 1 such that, for any f ∈ C0(G),
‖LF‖2→2 ≤ C‖(1 + L)kf‖2.
(4) H∞L (G) ⊆ C∗r (G).
Proof. That (1) implies (2) is obvious since C0(G) ⊆ L2(G). We look at
(2) implies (3): Take f ∈ C0(G) and write f =
∑∞
n=1 fn, where fn(x) =
f(x) if n − 1 ≤ L(x) < n, and 0 otherwise. Then ‖f‖22 =
∑∞
n=1 ‖fn‖22
and
‖LF‖2→2 ≤
∞∑
n=1
‖LFn‖2→2 ≤ C
∞∑
n=1
nD‖fn‖2 = C
∞∑
n=1
n−1nD+1‖fn‖2
≤ C
√√√√ ∞∑
n=1
n−2
√√√√ ∞∑
n=1
n2D+2‖fn‖22 ≤ C ′‖(1 + L)D+1f‖2,
for some finite constant C ′. That (3) implies (4) is by density of C0(G)
in HkL(G). Finally, let us show that (4) implies (1). First notice that
the graph of the inclusion H∞L (G)→ C∗r (G), f 7→ LF is closed. Indeed,
let {fn}n∈N in H∞L (G) tends to f in H∞L (G) and {LFn}n∈N tends to g in
C∗r (G). Let us prove that LF = g. Obviously {〈LFnϕ, ψ〉}n∈N converges
to 〈g(ϕ), ψ〉 for any ϕ, ψ ∈ C0(G). Since {fn}n∈N tends to f in L2(G)
as well, it implies that {fn ∗ ϕ ∗ ψ(1)}n∈N converges to f ∗ ϕ ∗ ψ(1) for
any ϕ, ψ ∈ C0(G). As
f ∗ ϕ ∗ ψ(1) = 〈LFϕ, ψˇ〉
we conclude that LF = g. The closed graph theorem in the generality
of Proposition 1, Chapter I page 20 of [1], applied to the Fre´chet space
H∞L (G) and to C
∗
r (G) (viewed as a Banach space) then implies that the
inclusion (4) is continuous. This by definition amounts to the existence
of a k > 0 and C > 1 such that ‖LF‖2→2 ≤ C‖(1 + L)kf‖2 for any
f ∈ H∞L (G), an hence in particular for any f ∈ L2(G) compactly
supported. We now can deduce property RD, because for f ∈ L2(G)
supported in BL(R) for R ≥ 1, ‖(1 + L)kf‖2 ≤ C(1 +R)k‖f‖2. 
3. Elementary stability results of property RD
Property RD is not stable under general extensions. Indeed, all
abelian groups have property RD, but there are solvable groups with
exponential volume growth, and these groups do not have property RD
(see Proposition 4.2 below). However property RD is stable under di-
rect products and as will be proved later under some central extensions
(see Proposition 7.2).
CONNECTED LIE GROUPS AND PROPERTY RD 9
Lemma 3.1. Let G1 and G2 be two compactly generated groups, en-
dowed with length functions L1 and L2. Let G = G1 × G2 and L =
L1 + L2. Then (G,L) has property RD if and only if (G1, L1) and
(G2, L2) do.
Proof. For f ∈ L2(G) compactly supported, define
f1(x) =
√∫
G2
|f(x, y)|2~dy ∈ L2(G1)
Then ‖f‖L2(G) =
√∫
G1
|f1(x)|2~dx = ‖f1‖L2(G1) and
LF (g) =
∫
G
f(y)g(y−1x)~dy =
∫
G1×G2
f(y1, y2)g(y
−1
1 x1, y
−1
2 x2)
~dy1~dy2.
Now assume property RD for G1 and G2 with respective constants
C1, D1 and C2, D2, and take f ∈ L2(G) compactly supported in the
ball of radius R > 1 for the length L = L1+L2. Fixing the variable x1
we see that∫
G2
∣∣∣∣∫
G1×G2
f(y1, y2)g(y
−1
1 x1, y
−1
2 x2)
~dy1~dy2
∣∣∣∣2 ~dx2
≤
∫
G1
(∫
G2
∣∣∣∣∫
G2
f(y1, y2)g(y
−1
1 x1, y
−1
2 x2)dy2
∣∣∣∣2 ~dx2
)1/2
~dy1
2
≤ C22R2D2
∣∣∣∣∫
G1
f1(y1)g1(y
−1
1 x1)
~dy1
∣∣∣∣2
where the first inequality is Minkowsky (see [28] Theorem 3.29) and
the last inequality is the assumption that (G2, L2) has property RD.
Since f1 is compactly supported in BL1(R), integrating with respect to
x1 yields
‖LF (g)‖L2(G) ≤ C2RD2‖LF1(g1)‖L2(G1) ≤ CRD‖f‖L2(G)‖g‖L2(G)
where C = C1C2 and D = D1 +D2. The last inequality follows from
the assumption that (G1, L1) has property RD.
Conversely, assume that G has property RD and take f1 ∈ C0(G1),
supported in BL1(R) for R ≥ 1. We fix U a compact neighborhood of
1 ∈ G2 contained in BL2(1). Consider the function f ∈ L2(G) defined
by
f(y1, y2) = f1(y1)1U(y2),
for all (y1, y2) ∈ G1 ×G2 = G and where 1U denotes the characteristic
function of U . Let LU denote the left convolution by 1U . Since U
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is compact, we have that ‖LU‖2→2 < ∞. Notice that ‖LF‖2→2 ≥
‖LU‖2→2‖LF1‖2→2, and hence we have that
‖LF1‖2→2 ≤ ‖LU‖−12→2‖LF‖2→2 ≤ ‖LU‖−12→2CRD‖f‖L2(G)
=
√
~ν(U)‖LU‖−12→2CRD‖f1‖L2(G1),
where C and D are the constants of the RD inequality. We conclude
by Lemma 2.7. 
We shall see in the sequel that property RD is not closed under
passing to general subgroups but transfers to open subgroups. More
precisely we have the following.
Lemma 3.2. Let (G,L) have property RD and take H < G an open
subgroup. Then (H,L′) has property RD, where L′ is the length function
L restricted to H.
Proof. Since H is open, the Haar measure on H is the restriction of
the one on G. Let f ∈ L2(H) be supported on BL′(R) for some R ≥ 1.
Extend f to f˜ ∈ L2(G) by setting f˜ = 0 on G \H , so that ‖f‖L2(H) =
‖f˜‖L2(G) and f˜ is supported on BL(R). Then
‖LF‖2→2 ≤ ‖LF˜‖2→2 ≤ CRD‖f˜‖L2(G) = CRD‖f‖L2(H).

The following will allow us to extend our results on connected com-
pactly generated groups to virtually connected compactly generated
groups.
Lemma 3.3. Let G be a compactly generated group, and H a closed
finite index subgroup. Then G has property RD if and only if H does.
Proof. Since H has finite index in G, it is an open subgroup. Hence
if G has property RD then so does H by Lemma 3.2. Conversely, we
start by defining the map ¯ : L2(H)→ L2(G), f 7→ f¯ as the extension
by 0 and by noticing that for f ∈ C0(H), then
(3.4) ‖LF¯‖2→2 = ‖LF‖2→2.
Indeed, choose a system of representatives R for right H-cosets, and
for u ∈ C0(G), g ∈ G, write u(g) =
∑
r∈R u¯r(r
−1g) where ur ∈ C0(H)
is such that ur(h) = u(rh). Since H is open in G, a left Haar measure
on G restricted to H coincides with a left Haar measure on H . Hence
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‖u‖2L2(G) =
∑
r∈R ‖ur‖2L2(H). For x = rh ∈ G we have that
RF¯u(x) =
∫
G
m−1(y)u(xy−1)f¯(y)~dy
=
∫
H
m−1(y)ur(hy
−1)f(y)~dy = RFur(h),
where the ∗ is now the convolution in H . Computing the L2-norm we
get
‖RF¯u‖2L2(G) =
∑
r∈R
‖RFur‖2L2(H)
≤ ‖RF‖2→2
∑
r∈R
‖ur‖2L2(H) = ‖RF‖2→2‖u‖2L2(G).
This proves that ‖RF¯‖2→2 = ‖RF‖2→2 and (3.4) follows using (1.1).
Now assume that H has property RD, and take f ∈ L2(G) sup-
ported on a ball of radius R for some compact generating set K ⊆ G,
where we assume that K contains a finite system of representatives
x1, . . . , xn for right H-cosets. Since G =
∐n
i=1 xiH , we can write
f = f1 + · · · + fn, where fi = f1[xi] and 1[xi] is the characteristic
function of the coset xiH (the 1[xi]’s are continuous since the xiH ’s are
open and closed in G). Moreover, for each i = 1, . . . , n, we can define
f˜i ∈ L2(H) by f˜i(h) = fi(xih) and so ‖f˜i‖L2(H) = ‖fi‖L2(G). Since fi is
a left translation of ¯˜fi, we have that ‖L ¯˜
iF
‖2→2 = ‖LFi‖2→2 and hence
‖LFi‖2→2 = ‖LF˜i‖2→2 because of the discussion in the beginning of the
proof. We now compute
‖LF‖2→2 ≤
n∑
i=1
‖LFi‖2→2 =
n∑
i=1
‖LF˜i‖2→2 ≤ CRD
n∑
i=1
‖f˜i‖L2(H)
≤ CRD√n
√√√√ n∑
i=1
‖fi‖2L2(G) = CRD
√
n‖f‖L2(G),
where the first inequality is the triangle inequality, the second one is
property RD and the last one is Cauchy-Schwartz. 
Remarks. 1. Lemma 3.3 does not extend to the case where H is
a closed subgroup of G and G/H is compact. The semisimple groups
with finite center studied in Section 6 provide counter-examples (such
a group Σ = NAK has property RD by Theorem 6.1, but NA does
not according to Proposition 4.2).
2. According to Jolissaint [19] Proposition A.3, if a compactly gen-
erated group G has a discrete cocompact subgroup with property RD,
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then G has property RD as well. For instance, Jolissaint proved that
discrete groups acting properly and cocompactly on Riemannian man-
ifolds with pinched negative sectional curvature have property RD. He
deduces (Corollary A.4) that SL2(R) as well as any connected non
compact Lie group of real rank one and finite center, has property RD.
3. It is not known whether property RD passes to cocompact lattices
and this appears to be a hard question. So far only a few cocompact
lattices in semisimple Lie groups are known to have property RD (see
[27], [21] and [3]), and the methods used to establish property RD for
those groups are quite different from what we do here for connected
groups. It is a conjecture of Valette [31] that cocompact lattices in real
and p-adic semisimple Lie groups have property RD.
4. Amenability
One of the generalizations of Kesten’s theorem concerning amenabil-
ity reads as follows (see [23]). In the notation introduced above, G is
amenable if and only if for any µ a (non-negative) Borel measure on G
(4.5) ‖Lµ‖2→2 = µ(G) = ‖µ‖.
In particular, if G is amenable and µ is a (non-negative) Borel measure
such that
∫
G
m(y)−1/2dµ(y) <∞ we have
(4.6) ‖Rµ‖2→2 =
∫
G
m(y)−1/2dµ(y) <∞.
We say that (G,L) is of polynomial volume growth d if there exists
a constant c such that ~ν(BL(n)) ≤ cnd. If G is not unimodular, i.e.,
m 6≡ 1 then ~ν(BL(n)) grows exponentially (see e.g. [33] Chapter IX).
Definition 4.1. Let L be a length function on a locally compact group
G. A function f is radial (with respect to L) if L(x) = L(y) implies
f(x) = f(y). We say that (G,L) has property RD-rad (respectively
property RD’-rad) if (G,L) has property RDE (respectively property
RD’E) for E the set of radial functions (with respect to L) in L
2(G).
The following is a straightforward adaptation of Jolissaint’s Corollary
3.1.8. of [19].
Proposition 4.2. Let G be a locally compact, amenable group and L
a proper length function on G. Then the following are equivalent:
(1) (G,L) has polynomial volume growth.
(2) (G,L) has property RD.
(3) (G,L) has property RD’-rad.
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Proof. As G is amenable, we have
(4.7) ‖LF‖2→2 =
∫
G
f(x)~dx ≤
√
~ν(supp(F ))‖f‖2,
the first equality follows from equation (4.5) and the inequality by
Cauchy-Schwartz. We prove that (1) implies (2). If G has polynomial
volume growth of degree d and f is supported onBL(R) for some R ≥ 1,
then √
~ν(supp(F )) ≤ ~ν(BL(R)) ≤ cRd
and property RD’ (hence RD) follows. As RD and RD’ are equiva-
lent (see Corollary 2.4), (2) obviously implies (3). We now show that
(3) implies (1). Let R ≥ 1, applying property RD’-rad to the radial
function f = 1BL(R) and using the equality in (4.7) gives
~ν(BL(R)) ≤ CRD
√
~ν(BL(R)),
where C,D are the constants of Definition 2.1. It follows that
~ν(BL(R)) ≤ C2R2D.

Remark. We shall see in Section 5 below that RD-rad does not imply
polynomial volume growth. In particular, property RD-rad is in general
not equivalent to property RD’-rad.
5. Property RD-rad on Iwasawa NA groups
In this section we will see that amenable groups with exponential
volume growth may satisfy property RD-rad. More precisely we prove
the following.
Theorem 5.1. Let Σ = NAK be a connected non-compact semisimple
Lie group with finite center. Let d be the canonical Riemannian distance
on the symmetric space X = Σ/K. Let S be the solvable group S = NA
identified as a manifold with X and let L(g) = d(K, gK) for g ∈ S.
Then S has property RD-rad with respect to L.
The proof of this theorem relies on results in [7] that we now explain.
Let us start by recalling some standard facts concerning semisimple Lie
groups (we follow the notations of [7]). Let σ be the Lie algebra of Σ
and θ be a Cartan involution with associated Cartan decomposition
σ = k ⊕ p. Fix a maximal abelian subalgebra a in p (see Chapter
IX of [15]). This determines a root space decomposition and, after
ordering of the roots, an Iwasawa decomposition σ = n⊕a⊕k. Let d be
the canonical Σ-invariant Riemannian distance on the symmetric space
X = Σ/K (the projection of the left-invariant and K-right invariant
14 I. CHATTERJI†, CH. PITTET AND L. SALOFF-COSTE††
canonical distance on Σ). Let S be the solvable group S = NA. The
action of the group S on X is transitive with trivial stabilizers so that
we can identify X and S as manifolds and under this identification
the Σ-invariant measure on X is the left Haar measure on S. We can
define the “modular” function m on X by setting m(x) = m(g) for the
unique g ∈ S such that go = x. The canonical Riemannian distance
on X corresponds to a left invariant Riemannian distance on S, which
gives the length function L of Theorem 5.1. The crucial point is the
following result from [7].
Lemma 5.2. Let E be a K-invariant measurable subset of X and f a
function in L2(X) such that m1/2f is K-invariant. Then
(5.8) ‖1Ef‖2 = ‖1Em1/2f‖2
and
(5.9) ‖1Ef‖1 ≤ ‖1Eφ0‖2‖1Ef‖2
where φ0 is the basic elementary spherical function.
We will need the Cartan decomposition in the form of the integrals
equality
(5.10)
∫
S
f(x)~dx = C
∫
a
+
∫
K
f(k exp(H))dkD(H)dH
(for all f ∈ L1(G)) where dk is the normalized Haar measure on K, a+
is the positive Weyl chamber in a and D(H) has an explicit expression
in terms of the roots and satisfy (see [7]):
(5.11) D(H) ≤ C1
( |H|
1 + |H|
)n−ℓ
e2ρ(H).
Here |H| is the length of H in the Lie algebra a equipped with its
canonical Euclidean structure given by the Killing form; ρ(H) is the
usual half sum of the positive roots counting multiplicity, n is the
topological dimension of S = NA and ℓ is the dimension of A, i.e.,
the real rank of Σ. The modular function on S = NA is given by
m(n expH) = exp(−2ρ(H)) in standard notation. We shall need the
following estimate from [7].
Lemma 5.3. For r > 1,
(5.12)
∫
B(r)
|φ0(x)|2~dx ≤ Crγ
where γ = 2b+ ℓ = 2× ♯{indivisible positive roots}+ dim(A).
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Proof. This follows from the above integration formula (5.10), the es-
timate (5.11) on D(H), the fact that φ0(exp(H)) ≤ C(1 + |H|)be−ρ(H),
as well as d(K, exp(H)K) = |H|. 
We can now proceed with the proof of Theorem 5.1
Proof of Theorem 5.1. Let B(r) = BL(r) denote the ball of radius r
around the origin e = eS = eΣK in S = X . The distance d = dX on
X is K-invariant and hence, as K fixes the origin in X , the set B(r) is
K-invariant. Now, fix a continuous function f on S which is radial and
supported on the ball B(r). Set dF (x) = f(x)~dx. By the inequality
(1.1) we have
‖RF‖2→2 ≤
∫
S
m(x)−1/2f(x)~dx =
∫
X
1B(r)(x)m(x)
−1/2f(x)~dx.
As B(r) is K-invariant and f = m1/2m−1/2f is radial, the crucial
Lemma 5.2 gives∫
X
1B(r)(x)m(x)
−1/2f(x)~dx ≤
(∫
B(r)
|φ0(x)|2~dx
)1/2(∫
B(r)
|f(x)|2~dx
)1/2
.
Finally, combining the above inequality with the estimate (5.12) we get
‖RF‖2→2 ≤ Crγ/2‖f‖2
as desired. 
Remark. Estimates similar to the ones above and implying property
RD-rad on Damek-Ricci NA groups have been obtained by Mustapha
in [24], equation (3.8).
6. Semisimple groups with finite center
The aim of this section is to prove the following.
Theorem 6.1. Connected non-compact semisimple Lie groups with fi-
nite center have property RD with respect to the length function associ-
ated to the canonical left-invariant Riemannian metric. In particular,
they have property RD.
The idea is to reduce this result to Theorem 5.1. To do so, we start
with the following easy lemma (this is a classical observation used in
particular in the study of Kunze-Stein phenomena, see [6]).
Lemma 6.2. Let G be a locally compact group and K be a compact
subgroup. Let f ∈ C0(G) and dF = fdx. We set
fK(x) =
(∫
K
|f(xk)|2dk
)1/2
, f˜(x) =
(∫
K
∫
K
|f(kxk′)|2dkdk′
)1/2
,
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where dk denotes the normalized Haar measure on K. Then fK , f˜ ∈
L2(G), ‖fK‖2 = ‖f˜‖2 = ‖f‖2 and
‖LF‖2→2 ≤ ‖LFK‖2→2
‖LF‖2→2 ≤ ‖LF˜‖2→2,
where dFK = fK ~dx and dF˜ = f˜ ~dx.
Proof. The equality of the norms of fK , f˜ and f follows from the fact
thatm(k) = 1 for k ∈ K (indeed, m(kn) = m(k)n is bounded and away
from 0 for all n ∈ N since K is compact). For any function g ∈ C0(G)
and any x ∈ G, k ∈ K we have that
F ∗ g(x) =
∫
G
f(xy)g(y−1)~dy =
∫
G
f(xyk)g(k−1y−1)~dy.
Hence,
|F ∗ g(x)| =
∣∣∣∣∫
K
∫
G
f(xyk)g(k−1y−1)~dydk
∣∣∣∣
≤
∫
G
(∫
K
|f(xyk)|2dk
)1/2(∫
K
|g(ky−1)|2dk
)1/2
~dy
=
∫
G
fK(xy)gK(y
−1)~dy = FK ∗ gK(x)
It follows that ‖LF‖2→2 ≤ ‖LFK‖2→2. Now we set
Kf(x) =
(∫
K
|f(kx)|2dk
)1/2
,
and check that (FˇK )ˇ = KF . Applying the above inequality twice, we
obtain
‖LF‖2→2 = ‖LFˇ‖2→2 ≤ ‖LFˇK‖2→2 = ‖L(FˇK )ˇ ‖2→2
= ‖L
KF‖2→2 ≤ ‖LKFK‖2→2 = ‖LF˜‖2→2.

Remark. In Lemma 6.2 we also have ‖RF‖2→2 ≤ ‖RFK‖2→2 and
‖RF‖2→2 ≤ ‖RF˜‖2→2. Indeed, ‖RF‖2→2 = ‖LFˆ‖2→2 for any finite
measure F with dF = f ~dx by (1.1), moreover, (FK )ˆ = FˆK and
˜ˆ
F =
ˆ˜
F .
Let us now recall some facts about homogeneous spaces, see, e.g.,
[29, 30]. Let G be a locally compact group which acts continuously,
transitively on a space X with compact stabilizers. Fix o ∈ X and let
K denote the stabilizer of o so that X = G/K. For x ∈ X , let x¯ be an
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element of G such that x¯o = x. Let p(x, y) be a locally integrable non-
negative kernel which is G-invariant (i.e. p(gx, gy) = p(x, y) for any
g ∈ G) and such that the support of p(x, ·) is compact for all x ∈ X .
Let dx denote the G-invariant measure on X so that ~dg = dxdk where
dk is the normalized Haar measure on K. Set
φ(g) = p(go, o) = p(o, g−1o) and dΦ(g) = φ(g)~dg.
Note that φ satisfies φ(gk) = φ(kg) = φ(g) for all g ∈ G, k ∈ K.
Moreover one checks that the right convolution operator RΦ “realizes”
on G the operator P : C(X)→ C(X), f 7→ Pf where
Pf(x) =
∫
X
p(x, y)f(y)dy.
More precisely, define
S : C(G) → C(X)
f 7→ Sf : {x 7→
∫
K
f(x¯k)dk}
T : C(X) → C(G)
f 7→ Tf : {g 7→ f(go)}.
Then S and T act on the respective L2-spaces without increasing
norms, and P = SRΦT , RΦ = TPS. In particular, ‖P‖2→2 = ‖RΦ‖2→2
and ∫
G
|φ(g)|2~dg =
∫
X
|p(x, o)|2dx.
Given G, X and p as above, if Q is another locally compact group which
acts continuously and transitively on X with compact stabilizers and
such that p is Q-invariant, we get right convolution operators RGΦG and
RQ
ΦQ
on G and Q respectively with
(6.13) ‖P‖2→2 = ‖RGΦG‖2→2 = ‖RQΦQ‖2→2 and ‖ΦG‖2 = ‖ΦQ‖2.
The following will be used later to extend our results on connected Lie
groups to compactly generated groups.
Lemma 6.3. Let 1 → H → G → Q→ 1 be a short exact sequence of
compactly generated groups, and assume that H is compact. Then G
has property RD if and only if Q has property RD.
Proof. First assume that G has property RD and take f ∈ L2(Q) sup-
ported on B(R) for R ≥ 1 and a compact symmetric neighborhood of
the identity A generating Q. Set f ♯ = f ◦ π, where π : G → Q is the
projection with kernel H in the short exact sequence above. Then f ♯
has its support in B(R + 1) for the compact generating set π−1(A).
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Choosing the normalized Haar measure on H we get, using equality
(6.13) above
‖RF‖2→2 = ‖RF ♯‖2→2 ≤ C(R + 1)D‖f ♯‖L2(G) = C(R + 1)D‖f‖L2(Q).
Conversely, assume that Q has property RD and take f ∈ L2(G) sup-
ported on B(R) ⊆ G for R ≥ 1 and a compact generating set as
above. Define fH ∈ L2(Q) as in Lemma 6.2, so that fH is supported
on B(R) ⊆ Q, and
‖RF‖2→2 ≤ ‖RFH‖2→2 ≤ CRD‖fH‖L2(Q) = CRD‖f‖L2(G).

Proof of Theorem 6.1. As in Theorem 5.1, let Σ = NAK be a con-
nected non-compact semisimple Lie group with finite center. We will
show that Σ equipped with its canonical K-bi-invariant Riemannian
metric has property RD. According to Lemma 6.2 we can consider
K-bi-invariant functions only. For K-bi-invariant functions, equality
(6.13) reduces the situation to K-invariant functions on X , or equiv-
alently to radial functions on S = NA. More precisely, there is a
constant C such that for f with compact support in the ball of radius
R and f˜ as in Lemma 6.2 we have
‖LF‖2→2 ≤ ‖LF˜‖2→2 = ‖RF˜‖2→2 ≤ CRγ/2‖f‖2,
where γ is as in Lemma 5.3. The first inequality holds because of
Lemma 6.2, the middle equality because Σ is unimodular and the last
inequality holds because of Theorem 5.1 combined with equality (6.13).

7. Central extensions and property RD
The aim of this section is to investigate the stability of property RD
under certain central extensions. Recall that if E is a central extension
of a group G by a group A
1→ A→ E → G→ 1,
then E is A×G as a set, and the group law is given by
(a, g)(a′, g′) = (a+ a′ + c(g, g′), gg′)
where c : G×G→ A is such that c(g, 1) = c(1, g) = 0 ∈ A (we denote
by “+” the group law in A), and for g, g′, g′′ the cocycle relation is
satisfied:
c(g, g′) + c(gg′, g′′) = c(g′, g′′) + c(g, g′g′′).
The cocycle c satisfies
(c(g, g′), 1) = σ(g)σ(g′)σ(gg′)−1,
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where σ : G→ E is the section g 7→ (0, g) of p : E → G, (a, g) 7→ g.
Definition 7.1. Let A and G be two compactly generated groups, with
A abelian. Let Gr : N → N be a function and let c : G × G → A be a
2-cocycle. We say that c has growth at most Gr if
sup{LA(c(g, g′))|g, g′ ∈ B(n) ⊆ G} ≤ Gr(n).
We say that a 2-cocycle has polynomial growth if Gr is a polynomial.
The following shows that a central extension defined by a cocycle
with polynomial growth of a group with property RD has again prop-
erty RD.
Proposition 7.2. Let 1 → A → E → G → 1 be an exact sequence of
compactly generated groups with A closed and central. Assume there
exists a compact neighborhood U = U−1 of 1 in G which generates G
and a Borel section σ : G → E of the canonical projection p : E → G
such that σ(1) = 1 and such that σ(U) is compact and such that the
cocycle defined by c(g, g′) = σ(g)σ(g′)(σ(gg′))−1 has polynomial growth.
If G has property RD then E has property RD as well.
The map A × G → E, (a, g) 7→ aσ(g) is a Borel isomorphism be-
cause σ is Borel. We identify E with A × G and σ(g) with (1, g) as
explained above. Assume that the defining cocycle c has polynomial
growth Gr(n). Let U = U−1 and S = S−1 be compact generating sets
for G and A respectively. By hypothesis we may choose U such that
σ(U) is compact in E. Then
T = {(s, u)|s ∈ S, u ∈ U} ∪ {(s, u)|s ∈ S, u ∈ U}−1
is a compact generating set for E. To see that it is a neighborhood of
1, let K be a compact neighborhood of 1 in E. If we choose S ⊆ A big
enough so that Kσ(U)−1∩A ⊆ S, then T as above is a compact neigh-
borhood of 1 because K ∩ p−1(U) = K ∩ Aσ(U) ⊆ Sσ(U) ⊆ T . One
checks that T generates E. We start with the following observation.
Lemma 7.3. Under the above assumptions, there are constants C and
k such that for any a ∈ A then LS(a) ≤ C(1 + LT (a, 1))k.
Proof. Take (a, 1) of length r in E and write (a, 1) = (a1, x1) . . . (ar, xr)
where (ai, xi) belong to the generating set T , for i = 1, . . . , r. Note that
LU(xi) = 1 but LS(ai) ≤M = supu∈U LS(c(u, u−1))+1. Then, defining
λi = x1 . . . xi for i = 1, . . . , r we get:
(a, 1) = (a1, x1) . . . (ar, xr) = (
r∑
i=1
ai +
r−1∑
i=1
c(λi, xi+1), 1),
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so that
LS(a) ≤
r∑
i=1
LS(ai)+
r−1∑
i=1
LS(c(λi, xi+1)) ≤ rM+(r−1)Gr(r) ≤ C(1+r)k
choosing C and k appropriately. 
Proof of Proposition 7.2. As G has property RD, it is unimodular, and
it follows from the Corollaire in Chapitre VII, Paragraphe 2, Nume´ro 7
of [2] that E is also unimodular. First notice that a compactly gener-
ated abelian group is automatically of polynomial growth for any alge-
braic length, and thus has property RD. Denote by CG, DG and CA, DA
the constants needed for the RD inequality (as in Definition 2.1) for
G and A respectively. For f, g ∈ C0(E), we define fy(a) = f(a, y) and
g′(y,x)(a) = gy−1x(a − c(y, y−1x)). For almost all x, y, the elements fy
and g′(y,x) belong to L
2(A) and since c is measurable we have that
f ∗ g(a, x) =
∫
G
(∫
A
fy(b)g
′
(y,x)(a− b)db
)
dy =
∫
G
fy ∗ g′(y,x)(a)dy.
Now squaring and integrating over E the above expression gives
‖f ∗ g‖2L2(E) =
∫
G
(∫
A
∣∣∣∣∫
G
fy ∗ g′(y,x)(a)dy
∣∣∣∣2 da
) 1
2
2
dx
≤
∫
G
(∫
G
‖fy ∗ g′(y,x)‖L2(A)dy
)2
dx.
Now assume that the support of f is contained in the ball of radius r
and for y ∈ G, let us look at the support of fy. Take a in the support of
fy, then LT (a, y) ≤ r, so that LT (a, 1) ≤ LT (a, y) + LT (1, y) ≤ 2r and
thus Lemma 7.3 implies that LS(a) ≤ C(1+2r)k. Now we can proceed
with the computation applying property RD for A to ‖fy ∗ g′(y,x)‖L2(A)
and so
‖f ∗ g‖2L2(E) ≤
∫
G
(∫
G
CA(C(1 + 2r)
k)DA‖fy‖L2(A)‖g′(y,x)‖L2(A)dy
)2
dx.
Finally, define f˜ , g˜ ∈ L2(G) by f˜(y) = ‖fy‖L2(A) and g˜(y) = ‖gy‖L2(A),
so that clearly ‖f˜‖L2(G) = ‖f‖L2(E) and ‖g˜‖L2(G) = ‖g‖L2(E). Notice
that f˜ is supported on the ball of radius r. Indeed, if y is in the
support of f˜ , then there exists b ∈ A such that (b, y) is in the support
of f , which is contained in the ball of radius r in E. Writing (b, y) =
(a1, y1) . . . (ar, yr) we see in particular that y = y1 . . . yr, i.e. the length
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of y in G (with respect to the generating set U) is shorter than r.
Concerning g, we have that:
‖g′(y,x)‖L2(A) = ‖gy−1x‖L2(A) = g˜(y−1x)
(we performed the change of variable a 7→ a− c(y, y−1x)). Going back
to the computation of ‖f ∗ g‖2L2(E) we now get that:
‖f ∗ g‖2L2(E) ≤ C2A(C(1 + 2r)k)2DA‖f˜ ∗ g˜‖2L2(G)
≤ C2A(C(1 + 2r)k)2DAC2Gr2DG‖f‖2L2(E)‖g‖2L2(E)
≤ C2Er2DE‖f‖2L2(E)‖g‖2L2(E),
choosing CE = 3
kDACAC
DACG and DE = kDA + DG. We conclude
that E has property RD by Lemma 2.7 (2) together with density of
C0(E) in L2(E). 
8. Lie groups with property RD
In this section we shall prove the following (i.e., the implication
(c)⇒(a) of our main theorem).
Theorem 8.1. Let G be a connected Lie group such that its univer-
sal cover G˜ decomposes as S˜ × Q˜, where S˜ is semisimple and Q˜ has
polynomial growth. Then G has property RD.
Corollary 8.2. Semisimple Lie groups have property RD.
The idea is to show that a group G as in Theorem 8.1 is a central
extension defined by a Borel cocycle of polynomial growth of a group
with property RD by a compactly generated abelian group. We start
with the following.
Proposition 8.3. Let p : E → G be a surjective homomorphism of
compactly generated groups. If p admits a local Borel section σK :
K → E defined on a compact symmetric generating neighborhood K
of 1 and such that σK(K) is relatively compact in E, then there is a
Borel section σ : G→ E which extends σK and which is Lipschitz with
respect to the algebraic lengths.
For the proof we need the following.
Lemma 8.4. Let G be a compactly generated group and K be a compact
symmetric neighborhood of 1 generating G. Then there is a countable
pointed partition (Gn, gn), that is a partition
G =
∐
n∈N
Gn,
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where the Gn’s are Borel subsets of G and gn ∈ Gn, such that g−1n Gn ⊆
K.
Proof. Let {gn} ⊆ G be a maximal subset of elements with the property
that d(gn, gm) = LK(g
−1
n gm) > 1. Notice that since the ball of radius 1
is a neighborhood of 1, the set of gn’s is discrete in G. Since a ball of
finite radius is compact, there are only finitely many gn’s in each ball
of finite radius, so countably many altogether. Since {gn} is maximal,
the union of balls of radius 1 centered at the gn’s cover G (if not, then
there would be g ∈ G not in {gn} and at distance greater than 1 to
any gn, which contradicts maximality). Denote by B(gn, r) = gnB(r)
the ball of radius r centered at gn. We define the Gn’s as follows:
G0 = K = B(1), G1 = B(g1, 1) \G0, . . . Gn = B(gn, 1) \ (
⋃
k<n
Gk), . . .
It is a partition of G by construction, and gn ∈ Gn because for any
n 6= m we have that d(gn, gm) > 1, so that gn 6∈ B(gm, 1). Finally,
g−1n Gn ⊆ g−1n B(gn, 1) = g−1n gnK = K and the proof is complete. 
Proof of Proposition 8.3. LetK be as in the proposition and let (Gn, gn)
be a pointed partition of G as in Lemma 8.4. Let S be a compact sym-
metric generating set for E. For each n ∈ N, let en ∈ E be a pre-image
of gn of minimal length in the alphabet S. Define
σn : Gn → E, x 7→ enσK(g−1n x)
and σ : E → E by σ = ∐n∈N σn, so that σ is a Borel map. We check
that it is a section for p. For g ∈ Gn, we have
pσ(g) = pσn(g) = p(enσK(g
−1
n g)) = p(en)pσK(g
−1
n g) = gng
−1
n g = g.
Now let us prove that the section σ we just obtained is Lipschitz.
Let C = sup{LS(g)|g ∈ σK(K)}. Since σK(K) is relatively compact
in E we have that C < ∞. For gn of length m if we write gn =
k1 . . . km with all ki ∈ K we have that LE(σK(k1) . . . σK(km)) ≤ Cm
and p(σK(k1) . . . σK(km)) = gn. Since en is a shortest pre-image of gn
we deduce
LS(en) ≤ LS(σK(k1) . . . σK(km)) ≤ Cm = CLK(gn).
Finally, take g ∈ G and n ∈ N such that g ∈ Gn. We have
LS(σ(g)) = LS(enσK(g
−1
n g)) ≤ LS(en) + C
≤ CLK(gn) + C ≤ C(LK(g) + 2),
since LK(g
−1
n g) = LK(g
−1gn) ≤ 1 because g−1n g ∈ K if g ∈ Gn. 
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Definition 8.5. Let D : N → N be a non-decreasing function, A < E
be two compactly generated groups. We say that A has distortion at
most D if there are two compact generating sets U and S for A and E
respectively such that for all a ∈ A
LU(a) ≤ D(LS(a))LS(a).
We say that A has polynomial distortion if D can be chosen to be a
polynomial, and undistorted if D can be chosen constant.
Notice that our definition of distortion is equivalent to Gromov’s one
given in Chapter 3 of [13], as he defines (under the hypothesis of the
above definition) the distortion function as
Disto(r) :=
diamA(A ∩BE(r))
r
,
and one easily checks that A has distortion at most Disto because
2D(n) ≥ Disto(n/2). Distortion of central subgroups and growth of
cocycles are related as follows.
Proposition 8.6. Let 1→ A→ E → G→ 1 be a central extension of
compactly generated groups, and assume that A has distortion at most
D in E. If p admits a local Borel section σK : K → E defined on a
compact symmetric generating neighborhood K of 1 such that σK(K)
is relatively compact in E, then E can be defined by a cocycle of growth
Gr(r) = D(Cr)Cr for some constant C.
Proof. Assume that E is compactly generated by S = S−1 containing 1,
that A is compactly generated by U ⊆ S and let K = p(S), it is a com-
pact symmetric neighborhood of 1 generating G. We denote by LA, LE
and LG the respective length functions on A,E and G. According to
Proposition 8.3 there is σ : G → E a Lipschitz section for p : E → G.
We choose c(g, g′) = σ(g)σ(g′)σ(gg′). For any g, g′ ∈ B(r) ⊆ G we
have
LE(c(g, g
′)) = LE(σ(g)σ(g
′)σ(gg′)−1)
≤ LE(σ(g)) + LE(σ(g′)) + LE(σ(gg′)−1)
≤ C ′(LG(g) + LG(g′) + LG(gg′)) ≤ Cr,
for some constant C, so that
LA(c(g, g
′)) ≤ D(LE(c(g, g′)))LE(c(g, g′)) ≤ D(Cr)Cr.

Lemma 8.7. Let Z be the center of a simply connected semisimple Lie
group G˜. Then Z is undistorted in G˜.
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Proof. LetG = G˜/Z and denote by p : G˜→ G the canonical projection.
As G˜ is semisimple, Z is discrete and this implies that G has trivial
center. Let G = NAK be an Iwasawa decomposition (see [15]), since G
has trivial center K is compact. We denote by S the simply connected
group S = NA, by K˜ = p−1(K) and by S˜ the connected component of
1 in p−1(S). Consider the map
ϕ : G → S ×K
g 7→ (s, k).
On G we fix a left-invariant Riemannian metric. We consider S×K as
the direct product of the Lie groups S andK and choose a left-invariant
Riemannian metric on this product. According to Lemma 3.1 in [26]
and since K is compact, the map ϕ is bi-Lipschitz. Notice for further
reference that G˜ = S˜K˜ and Z ⊆ K˜ (see Theorem 5.1 and its proof in
[15]). The map
ϕ˜ : G˜ → S˜ × K˜
s˜k˜ 7→ (s˜, k˜)
is well-defined since G˜ = S˜K˜. Consider the following commutative
diagram.
G˜
ϕ˜
//
p

S˜ × K˜
p1

G
ϕ
// S ×K
where p1 is the product of the Z-regular cover K˜ → K with the trivial
cover S˜ → S. On G˜ we choose the left-invariant Riemannian metric
which turns p into a local isometry. On S˜ × K˜, we choose the left-
invariant metric (for the product structure) which turns p1 into a local
isometry. As ϕ˜ covers ϕ, it is also bi-Lipschitz. Since Z ⊆ K˜ is
cocompact, it is undistorted, and since the inclusion K˜ ⊆ S˜ × K˜ is
totally geodesic it is undistorted as well, and we conclude because ϕ˜ is
bi-Lipschitz. 
Proof of Theorem 8.1. We will show that G can be expressed as a cen-
tral extension of a group with property RD by means of a polynomial
growth cocycle. A group G as in the theorem is of the form G = G˜/Γ,
where Γ is a discrete subgroup of Z(G˜), the center of G˜. Now, Z(S˜),
the center of S˜ is discrete in S˜ (see [12]) and hence the semisimple group
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S˜/Z(S˜) has trivial center. The following diagram is commutative:
G˜
pZ
&&L
L
L
L
L
L
L
L
L
L
L
L
pΓ

G = G˜/Γ p
// G˜/Z(G˜)
where the bottom arrow p : G → G˜/Z(G˜) is the quotient of G by
Z(G˜)/Γ. Since Z(G˜)/Γ is central in G, we have a central extension to
which we want to apply Proposition 7.2. To start with,
G˜/Z(G˜) = S˜/Z(S˜)× Q˜/Z(Q˜)
has property RD because it is a product of two groups with property
RD (see Lemma 3.1 combined with Theorem 6.1 and Proposition 4.2).
In [34], Varopoulos proved that any closed subgroup of a connected
Lie group with polynomial volume growth is at most polynomially dis-
torted. Combined with Lemma 8.7, it implies that the center Z(G˜) is
at most polynomially distorted in G˜. Hence A = Z(G˜)/Γ is at most
polynomially distorted in G. As G˜/Z(G˜) is a connected Lie group, it
is generated by any neighborhood of the identity. The projection p
being a principal A-bundle map, it admits a differentiable section on a
sufficiently small neighborhood of 1. Hence Proposition 8.6 applies, so
we conclude using Proposition 7.2. 
Remark. Combining Lemma 8.7 with Proposition 8.6 gives a linear
bound on the growth of 2-cocycles of central extensions of a semisimple
Lie group with finite center. As pointed out by M. Burger and E. Ghys,
it follows from results of Dupont in [9] that those cocycles are actually
bounded. For an elementary proof, see [5].
9. The structure of connected Lie groups with property
RD
In this section we finish the proof of our main theorem. To do so,
we start by explaining the terms used in part (b) of Theorem 0.1. Re-
call that a Lie algebra is of type R if all the weights of the adjoint
representation are purely imaginary. A Lie group is of type R if its as-
sociated Lie algebra is of type R. According to Guivarc’h and Jenkins,
a Lie algebra is of type R if and only if the associated Lie group has
polynomial volume growth (see [11] and also [17]). Thus by the Fun-
damental Theorem of Lie (see Theorem 2.8.2 in [32]) the statements
(b) and (c) in Theorem 0.1 are equivalent. We now turn to (a)⇒(b) in
the proof of Theorem 0.1. This part relies on Varopoulos’ work in [35].
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Varopoulos introduces a dichotomy among finite dimensional real Lie
algebras. Namely, he divides them into B-algebras and NB-algebras.
We now quote the two results of [35] that are crucial for our purpose.
Theorem 9.1 (Varopoulos, [35]). Let g be a unimodular algebra. Then
either g is a B-algebra, or g is the direct product s× q, where q is an
algebra of type R and s is either {0} or semisimple.
A Lie group is called a B-group if its Lie algebra is a B-algebra.
Those groups have the following property.
Theorem 9.2 (Varopoulos, [35]). Let G be a B-group and let dΦ = φ~dx
be a compactly supported probability measure on G, with continuous
density φ. Then there exists c > 0 such that for any n ∈ N we have
(9.14) φ∗n(1) = O
(‖LΦ∗n‖2→2 exp(−cn1/3)) .
This theorem has an easy corollary.
Corollary 9.3. B-groups cannot have property RD.
Proof. Let G be a B-group. For dΦ = φ~dx as in the previous theorem
and Φˇ = Φ, we have L∗Φ = LΦˇ = LΦ and ‖LΦ∗2n‖2→2 = ‖LΦ∗n‖22→2. By
(9.14) it follows that
φ∗2n(1) ≤ A‖LΦ∗2n‖2→2 exp(−cn1/3) = A‖LΦ∗n‖22→2 exp(−cn1/3),
for some constant A ≥ 1. Set f = φ∗n, so that F = Φ∗n and φ∗2n(1) =
‖f‖22. Now assume that G has property RD, then
‖LF‖22→2 ≤ CnD‖f‖22 = CnDφ∗2n(1) ≤ ACnD‖LΦ∗n‖22→2 exp(−cn1/3)
= ACnD‖LF‖22→2 exp(−cn1/3),
where C andD are the constants coming from the definition of property
RD and the second inequality follows from the assumption that G
is a B-group. We conclude that 1 ≤ ACnD exp(−cn1/3), which is a
contradiction for n big enough. It follows thatG does not have property
RD. 
We can now finish the proof of our main result. It remains to show
that (a) implies (b). Let G be a connected Lie group. If G has prop-
erty RD then it has to be unimodular according to [18], and if G is
unimodular with property RD, then it cannot be a B-group according
to Corollary 9.3. The proof of Theorem 0.1 is now complete.
Recall that a group Γ is virtually connected if the connected com-
ponent of the identity is of finite index in Γ. Equivalently, the group Γ
has finitely many connected components. Recall also that any virtually
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connected group Γ admits a descending sequence of compact normal
subgroups Kα with
⋂
αKα = {e} and Γ/Kα is a Lie group (see [10]).
We can now give a complete classification for virtually connected com-
pactly generated groups (given by Theorem 0.1 combined with Lemmas
3.3 and 6.3).
Corollary 9.4. Let Γ be a virtually connected compactly generated
group. Let K be a normal compact subgroup such that G = Γ/K is
a Lie group. Let G0 be the connected component of the identity in G.
The following are equivalent.
(a) Γ has property RD.
(b) The Lie algebra g of G decomposes as a direct product g = s×q,
where s is semisimple or {0} and q is an algebra of type R.
(c) The universal cover G˜0 of G0 decomposes as a direct product
S˜ × Q˜, where S˜ is semisimple and Q˜ has polynomial volume
growth.
Question. Does Theorem 0.1 apply to Lie groups over Qp?
Acknowledgements. We thank Bachir Bekka and Alain Valette for help-
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